Single top quark production cross sections at hadron colliders are traditionally used to extract the modulus of the V tb element of the Cabibbo-Kobayashi-Maskawa matrix under the following assumption: |V tb | |V td |, |V ts |. For the first time, direct limits on |V td | and |V ts | are obtained using experimental data without the assumption of the unitarity of the CKM matrix. Limits on the |V td |, |V ts | and |V tb | are extracted from differential measurements of single top quark cross sections in t-channel as a function of the rapidity and transverse momentum of the top quark and the light jet recoiling against the top quark. We have shown that the pseudorapidity of the forward jet in the single top production is one of the most powerful observables for discriminating between the |V td | and |V tb | events. We perform a global fit of top quark related CKM elements to experimental data from the LHC Runs I and II and Tevatron. Experimental data include inclusive and differential single top cross sections in t-channel, inclusive tW production cross section, and top quark branching ratio to b quark and W boson. We present bounds on |V tb |, |V ts | and |V td | using current data and project the results for future LHC data sets corresponding to luminosities of 300 and 3000 fb −1 .
Introduction
In the Standard Model (SM) of particle physics, the elements of the Cabibbo-Kobayashi-Maskawa (CKM) matrix [1] are free parameters that can only be determined by experiment, with the constraints coming from the unitarity of the matrix. The values of top quark related CKM matrix elements, |V tb |, |V ts | and |V td |, are extracted indirectly through the contribution of the top quark in B-B oscillations or loop-mediated rare K and B meson decays [2, 3] . As the sensitivity of these measurements to the top-related elements comes from quantum loops, some model assumptions have to be imposed in their interpretation, such as the existence of only three generations of quarks and the absence of non-SM particles in the loops. (1)
The value of the CKM matrix element |V tb | is determined under the aforementioned assumptions, but independent measurements of the top-related CKM element are needed to avoid complete reliance on the validity of the SM. In many extensions of the SM, the unitarity of the 3 × 3 CKM matrix can be violated through the mixing of a fourth generation of quarks with the other three generations, or by non-universality of the quark couplings in electroweak interactions [6] .
Vector-like quarks (VLQ) are present in many extensions of the SM that allow sizable modifications of the CKM matrix through mixing with the SM quark families [7, 8] . The new heavy VLQ that are partners of the top and bottom quarks have different gauge coupling with respect to the SM quarks. However, they can couple to the SM Higgs field through the Yukawa interactions. Consequently, the mass eigenstates will be a mixture of the SM quarks and VLQ after spontaneous symmetry breaking of the electroweak gauge group and the unitarity of the 3×3 CKM matrix will be violated. Both ATLAS and CMS Collaborations have devoted a considerable effort to search for direct production of the VLQ [9, 10] . On the other hand, precise measurements of the |V tb |, |V ts | and |V td | elements of the CKM matrix, independent of the unitarity assumption, could be used to set indirect constrains on this type of new particles [7, 8] .
The first determination of the quark mixing matrix element |V tb | independent of assumptions on the 3 × 3 CKM matrix unitarity was extracted from electroweak loop corrections, in particular those affecting the process Z → bb, in Ref. [11] , yielding |V tb | = 0.77
+0.18
−0.24 from a combination of electroweak data from LEP, SLC, Tevatron, and neutrino experiments.
At hadron colliders, such as Tevatron and LHC, top-antitop pair production via strong interactions is the main source of top quarks. In most of the tt cross section measurements, the top quark branching ratio into a b quark and a W boson (R) is assumed to be 1. In the SM, one can write this branching ratio using the values of equation 1 as [2] :
In Ref. [12] , the first simultaneous measurement of R = BR(t → W b)/ q BR(t → W q) and of the tt cross section, where q can be b, s or d quark, was performed in the lepton+jets channel (one W boson decays into a quark and an anti-quark and the other W boson into a charged lepton and a neutrino) by the D0 Collaboration, obtaining R = 0.97
−0.08 . This measurement was improved by using additional data and including the dilepton channels (where both W bosons decay into a charged lepton and a neutrino), yielding to R = 0.90
−0.04 [13] . The same measurements from the CDF experiment led to R = 0.94
−0.09 and R = 0.87
−0.07 for lepton+jet and dilepton channels, respectively [14, 15] . Top-quark pair events were also used by the CMS Collaboration to measure R in the dilepton channel, obtaining R = 1.014
+0.032
−0.032 [16] . In these measurements, the R value is derived from the relative number of tt events observed in b-tagged jet multiplicity distribution.
Electroweak production of top quarks provides a complementary way to probe the top quark related CKM elements, exploiting top-quark production in addition to its decay. In the SM, single top quark production mostly proceeds via three mechanisms: the t-channel mode, the production of top quark in association with a W boson (tW mode), and the s-channel mode. In Figure 1 , the lowest level Feynman diagrams for t-channel, tW and s-channel are shown in the five-flavor scheme (i.e., considering all quarks up to the b as incoming partons), without the usual approximation of ignoring |V ts | and |V td |. At the Tevatron, t-and s-channel production differ by roughly a factor of two (with the t-channel being the largest), while the tW production cross section can be neglected for our purposes. At the LHC, the t-channel mode has the largest cross section followed by tW while the s-channel production has a small cross section. The usage of single top quark production processes to extract direct information on |V td | and |V ts | is discussed in Refs. [6, 17, 18] .
The cross sections for t-and s-channel single top and anti-top quark production are expected (and observed, in the t-channel case) to differ by almost a factor of two at the LHC. In the t-channel case this is intuitively understood by observing that, in the diagram of Figure 1 (left), the incoming quark q must be u, c,d, ors in order to create a top quark, whereas anti-top production requires q = d, s,ū orc. Since the LHC is a pp collider and the valence composition of the proton is uud, more top quarks are produced than anti-top quarks. As the partonic collision happens at large values of Bjorken x, where valence quarks dominate over the "sea" quarks, the charge asymmetry observable defined as:
gets a value close to two. Similar considerations apply to s-channel production, but we will not elaborate on that case as the smallness of its cross section does not make it competitive in precision.
The value of R t can be enhanced significantly when |V td | is non-zero due to the valence-valence quark interaction in the diagram of Figure 1 (left). Therefore, R t can complement the inclusive cross section for constraining |V td |. In the tW case, the SM predicts complete charge symmetry when |V td | = 0, as can be understood from Figure 1 (middle) noting that there are no valence s and b quarks.
Due to the fact that single top quark production in the t-channel and tW are initiated by a valence quark when |V td | is non-zero, and valence quarks have a very different Bjorken-x spectrum with respect to sea quarks, the kinematic distributions of final state particles are different compared to the cases when a sea quark is involved (with |V ts | or |V tb |) in the interaction. In Ref. [19] , the differential distribution of the top quark rapidity is introduced as a powerful discriminator between single top t-channel events from non-zero Wtd and Wtb interactions. Recently, some of the differential distributions of the decay products in tW have been introduced for discriminating between non-zero |V td | and |V tb | [20] .
In this paper we show that single top quark differential cross section measurements can be used to set more stringent limits on |V td |, |V ts | and |V tb | compared to the inclusive cross section measurement. We will review the most important observables for constraining the top related CKM elements directly in the differential cross section measurement of single top t-channel, without assuming the unitarity of the CKM matrix. We then combine experimentally measured values of the inclusive and differential single top cross sections at the LHC and Tevatron in t-channel and tW productions with the measurements of R to set constraints on |V td |, |V ts | and |V tb |.
Input observables
For this study, several published results from the ATLAS, CMS, CDF and D0 experiments are used [16, [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] [36] , summarized in Table 1 . All cross section measurements, inclusive and differential, are performed in a region with one b-tagged jet. This fact is taken into account in this paper by comparing the measured cross sections to the corresponding theoretical cross sections times R. Table 2 provides the inclusive cross sections for top quark and anti-quark production in t-channel and tW single top quark processes as a function of |V td |, |V ts | and |V tb |, for various center of mass energies [37] [38] [39] [40] . We calculated these cross sections using the MadGraph amc@NLOv2.6.0 framework [41] in the five flavor scheme, at NLO for t-channel and LO for tW production; in the latter case, a constant k-factor of 1.26 is then applied in the subsequent analysis, assumed to be independent of |V td |, |V ts | and |V tb | [42] . The proton parton distribution functions (PDF) and their uncertainties are evaluated with the reference sets of NNPDF3.1 [43] . The mass of the top quark is set to m t = 172.5 GeV and the factorization and renormalisation scales are fixed to the top quark mass.
Fiducial and differential cross sections of single top quark production
In general, measurements of the single top quark production cross section provide a unique testing ground for measuring the top quark related CKM elements. Single top quark production via tchannel was established in pp collisions at the Tevatron [27, 28] and its cross section is measured [16] precisely in pp collisions at the LHC [21] [22] [23] [24] [25] [26] . In addition to the inclusive cross section measurement of single top quark in t-channel, differential cross sections are measured as a function of the top and anti-top quark transverse momentum (p T ) and the absolute value of its rapidity (|y|) at parton level (where the top quark 4-momentum is defined before the decay and after emission of QCD radiation) at 7 and 8 TeV by the ATLAS Collaboration [21, 22] . At 8 TeV, differential cross sections are measured also as a function of the kinematic observables of the accompanying light jet (j) in the t-channel exchange. As it was discussed in Section 1, the kinematic distributions of final state particles via single top quark production are distorted with respect to the SM predictions, in case of non-zero values of |V ts | and |V td |.
In Figure 2 , the absolute differential t-channel single top (anti-top) quark cross sections at parton level measured by the ATLAS Collaboration at 7 TeV [21] is compared to the SM prediction using the MC samples generated by MadGraph amc@NLO interfaced to Pythia (v8.205) for showering and hadronization [44] . These measurements are extracted under the assumptions |V tb | ≈ 1 and |V td | ≈ |V ts | ≈ 0. This implicit model dependence induces a bias when interpreting the results to extract |V ts | and |V td |. Therefore, we assign 5% uncertainty on the acceptance of the parton level signal efficiency for |V ts | and |V td | in the global fit (see Section 3). In addition to the parton level, differential cross sections are also reported, at particle level, within a fiducial phase space by the ATLAS Collaboration at 8 TeV [22] . The fiducial measurements are more model independent and have smaller theory uncertainties compared to the parton level measurements.
The definition of fiducial phase space is based on simple requirements on the particle level objects. Particle level objects are reconstructed from stable particles with a lifetime larger than 0.3 × 10 −10 s appearing after showering and hadronization steps. We follow closely the particle level object definition presented in [22] by the ATLAS Collaboration for constructing the leptons, jets and b-jets. Events are selected if exactly one particle level muon or electron with p T > 25 GeV and |η| < 2.5 is found. Events must contain exactly two particle level jets with p T > 30 GeV and |η| < 4.5 while one of them be tagged as particle level b-jet in |η| < 2.5 region. Based on the selected particle level lepton, b-jet and missing transverse energy, top quark is reconstructed as described 
in Ref. [22] .
It is worth discussing the effect of the top quark related CKM elements on the backgrounds. The most important background in the differential t-channel single top quark cross section measurements that is affected by |V tb |, |V ts | and |V td | variations is the tt process. The contribution of the tt background with two b-quark jets from the top and anti-top decays varies as a function of R 2 . In addition, more tt events contribute to the signal region when the top quark decays to a W boson and a b-quark and the anti-top quark decays to a W boson and an anti-d/s quark or vice versa. This cross section is also function of R through σ(tt) × R(1-R). The effect of |V tb |, |V ts | and |V td | variations on the background estimation is expected to be negligible because of the following reasons. First, R is measured precisely by the CMS experiment in a region enriched by tt events, R = 1.014
−0.032 [16] . In this measurement, the R dependence of single top quark contribution is taken into account. Second, in Ref. [22] , a neural network is employed to separate single top events from tt events using kinematic distributions. This reduced the tt event contribution significantly and after cutting on the MVA distribution, the tt contribution is only 10% of the selected events, while the single top is 70% (see Table 8 of Ref. [22] ). The tt contamination is more important in the differential cross section measurements of the tW -channel [45] , which are not considered in this study because of their insufficient precision. Figure 3 shows the absolute differential t-channel single top (anti-top) quark cross sections as a function of the top (anti-top) p T , the rapidity |y|, and the forward jet p T and |y|, measured at particle level from the ATLAS data at 8 TeV and compared to the corresponding SM predictions. With respect to Ref. [22] , we multiply each bin by a factor of 0.324 to take into account the branching ratio of W decay into leptons. The SM predictions at NLO in QCD come from MC samples generated with MadGraph amc@NLO in the four-flavor scheme and normalized to the SM inclusive cross section, σ tq = 56.3 pb and σt q = 30.7 pb (see Table 2 ) [46] . The parton showering, hadronization and the underlying event simulation are modeled by Pythiav8.2 using tune CUETP8M1 [47] . The fiducial acceptances for single top production in t-channel are determined to be A [21] (ATLAS Collaboration, 7 TeV) and are compared to the SM prediction using the MC samples generated by MadGraph amc@NLO interfaced to Pythia for showering and hadronization.
Normalized differential cross sections for the t-channel single top and anti-top quark production as a function of the p T and |y| of the top quark (or anti-top quark) and as a function of the p T and |y| of the forward jet, at particle level, are shown in Figure 4 . Data are taken from Ref. [22] and are compared to the MC predictions for single top and anti-top quark production via Wtb, Wts and Wtd interactions. The most distinctive variable is the rapidity of the forward jet. Single top events from Wtd and Wts interactions are more central compared to the events from Wtb interactions. Another important variable is the rapidity of the top quark followed by the p T of the forward jet. For all shown observables, the single top quark production has more sensitivity to distinguish the various production mechanisms compared to the single anti-top production. Although small fluctuations are observed in few bins, data follow the |V tb | = 1 shape closely.
In addition to the aforementioned observables, it is found that the rapidity of the b-jet and the ∆R = ∆η 2 + ∆φ 2 distance between the top quark and the forward jet are distinctive variables between Wtd and Wtb interactions. In Figure 5 , normalized differential single top and anti-top quark production as a function of the b-jet rapidity and ∆R(top, jet) are shown for Wtd, Wts and Wtb interactions. 
Global fit
The set of physical observables described in the previous sections for probing the |V td |, |V ts | and |V tb | elements of the CKM matrix are measured by various experiments. These elements of the CKM matrix can be most precisely determined, independently from the unitarity of the CKM matrix, by a global fit to all available related measurements.
We construct a χ 2 function in terms of the top CKM parameters according to the following definition:
where x th i is the theoretical prediction, x exp i is the experimental measurement and σ i is the corresponding uncertainty for the i-th observable; ρ ij is the correlation between the observables i and j. We use the correlation matrices provided by the ATLAS experiment for the differential cross section measurements and set ρ ij = δ ij for other observables [48] . Due to the fact that the single top inclusive cross sections that are used in this study are measured by different experiments and that the R parameter is measured using top pair events, we expect that the effect of the ρ ij = δ ij assumption would be negligible on the final results. On the other hand, the most effective observable in the fit is the single top t-channel differential cross section measurements in 69 bins in which bin-by-bin correlations are reported by the ATLAS Collaboration and are fully considered on our results. The uncertainties include experimental and theoretical uncertainties summed in
As experimental uncertainties we use ± one standard deviation as reported by the experiments. Asymmetric experimental errors are symmetrized, for simplicity, by conservatively treating the largest side uncertainty as a standard deviation. If experiments report several sources of uncertainty the total error is obtained by adding them in quadrature. Theoretical uncertainties originate from three sources, the choice of PDF, the choice of renormalization and factorization scales (µ r and µ f ) and the modeling of the parton shower and hadronization. The uncertainty from the PDF is estimated by reweighting the sample of simulated single top t-channel events with respect to the 100 independent replicas of NNPDF31. The RMS of the uncertainties originating from the variation of all replicas is taken as the PDF uncertainty. We estimate the uncertainties from variations in the renormalization and factorization scales by reweighting the distributions of the single top production with different combinations of µ r and µ f scales. The central values of the µ r and µ f scales correspond to the top quark mass and are varied independently over the range m t /2 < µ r,f < 2m t . The uncertainty from parton shower is determined from independent simulated samples of the single top t-channel process in which the scales for initial and final state radiation is doubled and halved relative to their nominal values. The statistical uncertainty due to the limited number of simulated events is taken into account.
The best estimates of the top related CKM elements are obtained by minimizing the total χ 2 (χ 2 min ) in a three dimensional phase space of |V td |, |V ts | and |V tb | . The n-sigma uncertainty on the best estimates of the |V td |, |V ts | and |V tb | parameters is calculated by finding three dimensional contours which satisfy the following condition
where X is 3.53, 7.82 and 11.3 for 1σ, 2σ and 3σ contours, respectively. We will report on the one dimensional confidence interval and on the best fit value, in two cases:
• Marginalized: the fit is performed with three free parameters (|V td |, |V ts |, and |V tb |) and then we integrate over two of the parameters;
• Individual: the fit is performed with one free parameters (|V td |, |V ts |, or |V tb |) while the other two parameters are set to |V td | = 0, |V ts | = 0, or |V tb | = 1.
Results
In order to extract the best fit value and the uncertainty contours on the |V td |, |V ts | and |V tb | parameters, we minimize the χ 2 function defined in Equation 4. The simultaneous fit of the |V td |, |V ts | and |V tb | parameters is performed and the n-σ allowed region is projected to the (|V td |,|V ts |), (|V tb |,|V ts |) and (|V td |,|V tb |) planes. In this fit, the χ 2 is calculated with respect to the |V td | = 0, |V ts | = 0 and |V tb | = 1 point of the phase space (expected) while the uncertainty is taken from the most precise available measurement for each observable. The expected and observed best fit values together with 68%, 95% and 99% confidence interval regions in the (|V td |,|V ts |), (|V tb |,|V ts |) and (|V td |,|V tb |) planes using single top t-channel differential cross section measurements at 8 TeV by the ATLAS Collaboration are shown in Figure 6 (left column). It is found that the constraints are improved by at least a factor of 2 when using the single top t-channel fiducial differential cross section measurements compared to the fiducial cross section measurements. The fit is also performed with all the LHC and Tevatron measurements noted in Table 1 included, and results are shown in Figure 6 (right column).
The individual and marginalized best fit value and 68% confidence interval for the |V td |, |V ts | and |V tb | parameters are summarized in Table 3 and are shown in Figure 7 .
The individual fit result on the |V tb | element can be interpreted as a single-parameter constraint on a generic VLQ model in which the |V td |, |V ts | and |V tb | CKM elements are scaled by a common multiplicative factor k, bound to 0 ≤ k ≤ 1, leaving R unchanged with respect to the SM expectation. In this scenario, |V td | and |V ts | are practically unconstrained as the contribution of down-and strange-quark-initiated processes, already negligible in the SM, gets further reduced. Setting those contributions to zero for simplicity, the global fit result is 0.962 < k < 0.999 at 95% confidence level. Table 1 ). [22] in the left column and from the combination of all LHC and Tevatron measurements (see Table  1 ) in the right column. 
Prospects at the High-Luminosity LHC
In this section, we present possible improvements in the direct |V tq | measurement that can be achieved by the ATLAS or CMS experiments at the LHC for running conditions foreseen in the future.
It is planned that the LHC will deliver a total integrated luminosity of about 300 fb −1 and 3000 fb −1 by the year 2023 and 2035, respectively [49, 50] . The instantaneous luminosity will increase substantially in the high luminosity LHC (HL-LHC), leading to more than 140 additional interactions per bunch crossing. In addition, effect of radiation damage could affect the sensitivity of the analyses. On the other hand, improvements in the understanding of some of the systematic and theoretical uncertainty sources are expected thanks to the large data samples.
It was shown in Section 4 that the most sensitive observables for constraining the |V tq | elements are the differential cross section measurements of the single top t-channel process. Thus, we only perform projections to higher integrated luminosities using the differential observables shown in Figure 3 . In order to find the theory prediction in each bin of the differential distributions, we use MC simulated samples for single top production at 13 TeV as explained in Section 2.1. The single top simulated samples for |V td |, |V ts | and |V tb | are scaled to the cross section prediction at 13 TeV shown in Table 2 . We use relative statistical and systematic uncertainties reported by the ATLAS Collaboration at 8 TeV [22] to estimate uncertainties at 13 TeV in each bin of the differential distributions. For the theoretical uncertainties, we use simulate samples at 13 TeV as discussed in Section 3. We assume different scenarios for the systematic and theoretical uncertainties [51, 52] :
• 300 fb −1 : All statistical and systematic uncertainties are taken from the ATLAS 8 TeV analysis [22] and scaled down by the square root of the integrated luminosity ratio ( 20.2/300). Theoretical uncertainties are found from simulated samples at 13 TeV.
• 3000 fb −1 : All statistical and systematic uncertainties are taken from the ATLAS 8 TeV analysis [22] and scaled down by the square root of the integrated luminosity ratio ( 20.2/3000). Theoretical uncertainties are found from simulated samples at 13 TeV and scaled down by a factor 1/2.
In Figure 8 , the expected 68% confidence level regions in the (|V td |,|V ts |), (|V tb |,|V ts |) and (|V td |,|V tb |) planes obtained using 8 TeV single top differential cross section measurements are compared to expected regions for 300 fb −1 and 3000 fb −1 of data at 13 TeV. Corresponding individual and marginalized 68% confidence level regions for the |V td |, |V ts | and |V tb | CKM elements are shown in Table 4 and Figure 9 .
Differential measurements for single top production in the t-channel are used in this projection study. Differential cross sections for single top production in the tW -channel are expected to be measured within good precision at HL-LHC [45] . This and other improvements on the R and top width measurements are expected to further improve the precision attained in the future. In addition to the higher precision in top quark measurements, all mentioned variables could be combined using a multi variate approach to maximize the sensitivity of the search. 
Summary
Constraints on the CKM elements |V td |, |V ts | and |V tb | using processes involving top quarks without assuming unitarity of the CKM matrix have been set for the first time. For this study we have combined the measurements of the inclusive and differential cross section for single top quark production via t-channel and tW production together with the measurements of BR(t → W b) and σ top t−channel /σ anti−top t−channel from ATLAS, CMS, D0 and CDF experiments. We have shown the important role of the differential cross section measurements in the determination of the top related CKM elements. In addition to the top (anti-top) rapidity distributions, we found that the rapidity distribution of the forward associated jet in single top t-channel production is an important observable for discriminating events from Wtd and Wts interactions with respect to the Wtb interaction. We have also shown that the angular separation between the top quark and the forward jet, and the rapidity of b-jet in single top t-channel production are powerful variables for constraining the |V td |, |V ts | and |V tb | CKM elements and we invite the LHC Collaborations to provide measurements of them.
The most important input for this study is the differential measurements of t-channel single topquark production using 20.2 fb −1 of data collected by the ATLAS experiment in pp collisions at 8 TeV at the LHC. The differential measurements for tq andtq processes are performed in bins of the transverse momentum and the rapidity of the top quark and the forward jet, within the ATLAS fiducial cuts. We have used the ATLAS fiducial differential measurements to minimize model-dependent acceptance effects on the cross sections.
A global χ 2 fit is performed on available experimental data to determine the |V td |, |V ts | and |V tb | simultaneously. We have added the modeling uncertainties on the theory to the reported experimental data. Correlation matrices between the experimental data points are included into the fit, when this information was provided by the experiment. After marginalizing on the other two top related CKM elements, we find |V tb | = 0.980 In the near future, LHC is expected to collect large datasets at √ s = 13 TeV. In addition to the reduction of the statistical uncertainties, possible improvements in the understanding of systematic uncertainties are expected. We have projected the results based on the ATLAS differential cross section measurements at √ s = 8 TeV to larger datasets of 300 and 3000 fb −1 at √ s = 13 TeV. Compared to the 8 TeV results, the precision on the |V td |, |V ts | and |V tb | measurements could be improved by a factor of ∼ 2.5 (|V tb |), 1.5 (|V ts |, |V td |) for 300 fb −1 data and ∼ 5(|V tb |), 2(|V ts |, |V td |) for 3000 fb −1 data, respectively. This work was partly supported by F.R.S.-FNRS under the "Excellence of Science -EOS" -be.h project n. 30820817.
